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Abstract
The de Broglie-Bohm quantum trajectories are found in analytically closed
forms for the eigenstates and the coherent state of the Lewis-Riesenfeld (LR)
invariant of a time-dependent harmonic oscillator. It is also shown that an
eigenstate (a coherent state) of an invariant can be interpreted as squeezed
states obtained by squeezing an eigenstate (a coherent state) of another in-
variant. This provides ways for a whole description of squeezed states.
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The quantum theory of motion introduced by de-Broglie and Bohm provides another
viewpoints on the world of quantum mechanics [1,2]. There are many examples which ex-
plain the structure of the atom, the interference and the tunneling in the quantum motional
scheme [3]. The quantum trajectories have been numerically solved in a time-dependent
scattering from square barriers and square potential wells [4,5]. Recently, the damped har-
monic oscillator is analyzed according to de Broglie-Bohm theory [6]. However explicitly
time-dependent systems have not yet been dealt with. Since the exact wave function for an
explicitly time-dependent harmonic oscillator is recently found [7], we expect that one may
calculate the quantum trajectories for an eigenstate, a coherent state, and a squeezed state
of the system.
In this Letter, we find the de Broglie-Bohm quantum trajectories for a time-dependent
harmonic oscillator. The LR invariants [8] are constructed using the creation and the an-
nihilation operators which are expressed in terms of a classical solution. It is argued that
since any linear combination of two independent classical solutions is also a solution, there
are many invariants and the invariant can be specified uniquely (except for a constant fac-
tor) if we fix the classical solution. It is shown that the invariants with different solutions
are obtained by squeezing each other with a squeezing operator. Here the squeezing opera-
tor describes the Bogoliubov transformation between two sets of creation and annihilation
operators. For an invariant, we consider the eigenstates and coherent states as a guiding
wave in the de Broglie-Bohm theory and find the corresponding quantum trajectories. Be-
cause these states are squeezed states for another invariant, we have a whole description of
squeezed states. The solutions are applied to a time-independent oscillator and a damped
oscillator. In the damped oscillator we find the new type of quantum trajectories which have
not been found in Ref. [6]. Here the quantum motions are oscillating while damping.
In the causal interpretation of quantum mechanics, the wave is mathematically described
by Ψ(x, t), a solution to Schro¨dinger’s wave equation
ih¯
∂Ψ
∂t
=
(
− h¯
2
2m
∇2 + V
)
Ψ (1)
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Setting Ψ = ReiS/h¯ where R and S are real functions of position and time, the particle
trajectories of a particle of mass m moving in the potential V + Q is described by the
following quantum Hamilton-Jacobi equation:
∂S
∂t
+
(∇S)2
2m
+ V +Q = 0 (2)
where the quantum potential is given by
Q = − h¯
2
2m
∇2R
R
(3)
Thus the particle trajectories associated with a given quantum mechanical state can be
obtained by solving the quantum equation of motion
x˙ = (1/m)∇S(x, t)|
x=x(t) (4)
or equivalently
mx¨ = −∇(V +Q)|
x=x(t). (5)
The LR invariant, I(t), of a time-dependent harmonic oscillator
Hˆ(t) =
1
2M(t)
pˆ2 +
1
2
M(t)ω2(t)qˆ2 (6)
can be written as (hereafter we adopt h¯ = 1 units.)
Iˆ(t) = ωI
[
bˆ†(t)bˆ(t) +
1
2
]
. (7)
Here we have used the creation and annihilation operators introduced in Ref. [9]. Noting
that
f(t) =
√
g−(t)
2ωI
e−iΘ(t,t0) (8)
with Θ(t, t0) =
∫ t
t0
dt ωI
M(t)g−(t)
satisfies the classical equation of motion:
d
dt
[M(t)
d
dt
f(t)] +M(t)ω2(t)f(t) = 0. (9)
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and using
d
dt


√
g−(t)
2ωI
e−iΘ(t,t0)

 = − i
M

√ ωI
2g−(t)
− i g0(t)√
2ωIg−(t)

 e−iΘ(t,t0) (10)
the operators bˆ and bˆ† in bˆ(t) = be−iΘ(t,t0) and b†(t) = b†eiΘ(t,t0) can be written as
bˆ = i[−M(t)f˙ ∗(t)qˆ(t) + f ∗(t)pˆ(t)]
bˆ† = −i[−M(t)f˙ (t)qˆ(t) + f(t)pˆ(t)] (11)
where Θ(t, t0) =
∫ t
t0
dt
2M(t)|f(t)|2 and we normalize f(t) so that [b, b
†] = iM(t)[f˙ f ∗−f f˙ ∗](t) = 1.
(For this condition, the Wronskian of f and f ∗ should not vanish, i.e. they are linearly
independent.) There are uncountable number of invariants since we have freedom in choosing
the classical solution f(t): Any linear combination of two independent classical solutions is
also a solution, or equivalently, we are free to choose the parameters c1, c2, and c3 with fixed
two independent solutions f1(t) and f2(t) in Eq. (7) of Ref. [9]. Hereafter when we construct
the LR invariant, we choose the function f(t) and ωI instead of choosing c1,2,3. Then the
auxiliary function is g−(t) = 2ωI |f(t)|2 and the annihilation operator and the eigenstates
of the invarint are uniquely specified only by f(t). Thus we denote them by bf and |n〉f ,
respectively. With f fixed, the invariants, If , may differ by a constant factor ωI , which is
irrelevant to the construction of quantum states.
Let us take another classical solution, F (t), which are related by f(t) as
F (t) = uf(t) + v∗f ∗(t) (12)
F ∗(t) = vf(t) + u∗f ∗(t) (13)
to construct another creation and annihilation operators
bˆF = i[−M(t)F˙ ∗(t)qˆ(t) + F ∗(t)pˆ(t)]
bˆ†F = −i[−M(t)F˙ (t)qˆ(t) + F (t)pˆ(t)] (14)
Then the relation between two sets of creation and annihilation operators is given by the
following Bogoliubov transformation or unitary (similarity) transformation:
4
bˆF = ubˆf + v
∗bˆ†f = Sˆ
†bˆf Sˆ (15)
generated by the squeezing operator
Sˆ = eiθubˆ
†
f
bˆf exp
(
σ
2
e+i(θv−θu)bˆ†2f −
σ
2
e−i(θv−θu)bˆ2f
)
(16)
where σ = cosh−1 |u|. Therefore it is verified that the eigenstate of IF is obtained by
squeezing the eigenstate of If as
|n〉F = Sˆ† |n〉f (17)
and for the coherent state |α〉 = e−|α|2/2∑n αn√n! |n〉
|α〉F = Sˆ† |α〉f . (18)
Since |α〉f can be obtained by displacing |0〉f , |α〉F is obtained by displacing and squeezing
|0〉f , i.e.
|α〉F = |σ, α〉f = Sˆ†(σ)Dˆ(α) |0〉f (19)
with Dˆ(α) = eαaˆ
†−α∗aˆ.
Recently, in Ref. [7], we have found the explicit form of wave function for the n-th
eigenstate of the invariant (7):
ψn(q, t) = Rn(q, t)e
iSn(q,t)/h¯ (20)
where
Rn(q, t) =
1√
2nn!
(
ωI
pig−(t)
) 1
4
e
− ωI
2g−(t)
q2
Hn
(√
ωI
g−(t)
q
)
. (21)
and
Sn(q, t) = − g0(t)
2g−(t)
q2 −
(
n +
1
2
)
Θ(t, t0). (22)
When the exact form of the wave function is given, it is straightforward to find the
quantum trajectory by solving the quantum equation of motion (4). The quantum equation
of motion for the n-th eigenstate of the invariant is
5
M(t)q˙ = − g0(t)
g−(t)
q. (23)
Using g0 = −M2 g˙−, we find a solution easily
q(t) =
q(t0)√
g−(t0)
√
g−(t). (24)
As expected from the result of damped oscillator [6], the quantum trajectory is independent
of the quantum number n in a general time-dependent oscillator.
Now we consider the coherent state of the invariant
Ψα(q, t) = e
−|α|2/2∑
n
αn√
n!
ψn(q, t) (25)
Using e−z
2+2xz =
∑∞
0
zn
n!
Hn(x) with z =
1√
2
αe−iΘ(t,t0) and x =
√
ωI
g−
q, we have
Ψα(q, t) =
(
ωI
pig−(t)
) 1
4
e
− |α|2
2
− ωI
2g−(t)
q2−i g0
2g−
q2− i
2
Θ(t,t0)e−z
2+2xz. (26)
We rewrite the above wave function as
Ψα(q, t) = Rα(q, t)e
iSα(q,t)/h¯ (27)
where
Rα(q, t) =
(
ωI
pig−(t)
) 1
4
e
− |α|2
2
− ωI
2g−(t)
q2−α2
2
cos[2Θ(t,t0)]+αq
√
2ωI
g−(t)
cosΘ(t,t0)
(28)
and
Sα(q, t) = − g0
2g−
q2 − 1
2
Θ(t, t0) +
α2
2
sin[2Θ(t, t0)]− αq
√
2ωI
g−(t)
sin[Θ(t, t0)]. (29)
Therefore, from (4), we have the quantum equation of motion for the coherent state
Mq˙ = − g0
g−
q − α
√
2ωI
g−
sinΘ (30)
which can be easily integrated using
d
dt
(
q√
g−
)
= α
√
2
ωI
d
dt
cosΘ, (31)
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then we have the following quantum trajectory
q(t) =
q(t0)√
g−(t0)
√
g−(t) + α
√
2g−(t)
ωI
[cosΘ(t, t0)− 1]. (32)
One should note that the coherent state (25) of an invariant can be interpreted as the
displaced squeezed state of another invariant [see (19) and related remarks]. Thus the
quantum motion we have found can be, in general, gives a whole description of the motion
for a squeezed state.
As a simple example we consider the time-independent case with M(t) = m and ω(t) =
ω0. If we choose the classical solution f(t) = (1/
√
2mω0)e
−iω0t and ωI = ω0 we have
Iˆf (t) = Hˆ =
pˆ2
2m
+
1
2
mω20 qˆ
2. (33)
For an eigenstate of this invariant, it follows from g−(t) = 1/m and (24) that
q(t) = q(t0), (34)
and for a coherent state, from (32)
q(t) = q(0) + α
√
2
mω0
(cosω0t− 1), (35)
which are well known results [3].
While if we choose the classical solutions as F (t) = (cosh σ)f(t) + (sinh σ)f ∗(t), we have
IˆF = g−
pˆ2
2
+ g0
pˆqˆ + qˆpˆ
2
+ g+
qˆ2
2
(36)
where
g−(t) = (1/m)(e2σ cos2 ω0t+ e−2σ sin2 ω0t),
g0 (t) = −(e2σ − e−2σ)ω0 cosω0t sinω0t, (37)
g+(t) = mω
2
0(e
2σ sin2 ω0t + e
−2σ cos2 ω0t).
and we have a quantum trajectory, for an eigenstate |n〉F
q(t) = q(0)
√
cos2 ω0t+ e−4σ sin2 ω0t, (38)
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and for a coherent state |α〉F
q(t) =
√
cos2 ω0t+ e−4σ sin2 ω0t
[
q(0) + αeσ
√
2/mω0(cosΘ− 1)
]
, (39)
with Θ(t) = tan−1[e−2σ tan(ω0t−rpi)]+rpi, for |ω0t−rpi| ≤ pi/2 (r = 0,±1,±2, ...). As stated
before, |α〉F is a displaced squeezed state which is obtained by displacing and squeezing the
ground state of the time-independent harmonic oscillator. Thus we have found the quantum
motion for the displaced squeezed state.
For comparison with the result of Ref. [6], we take the damped oscillator as another
example: M(t) = me2γt, ω(t) = ω0 with ω0 > γ. The classical equation of motion is
f¨ + 2γf˙ + ω20f = 0 (40)
and if we choose f(t) = (1/
√
2mΩ)e−γt−iΩt with Ω =
√
ω20 − γ2 as a solution and ωI = Ω,
we have g−(t) = (1/m)e−2γt and the quantum trajectory for |n〉f is
q(t) = q(0)e−γt (41)
which is the same result obtained in Ref. [6]. However if we choose F (t) = (cosh σ)f(t) +
(sinh σ)f ∗(t) we have g−(t) = (e−2γt/m)(e2σ cos2Ωt+ e−2σ sin2Ωt), and the quantum trajec-
tory for |n〉F
q(t) = q(0)e−2γt(cos2Ωt+ e−4σ sin2Ωt). (42)
This quantum trajectory is clearly oscillatory while damping.
In summary, we have constructed LR invariants introducing the creation and the anni-
hilation operators which are specified by a classical solution. We have found the quantum
trajectory for the eigenstates and for the coherent state of this invariant. As in the cases
of LR invariant, the time evolution of quantum operator qˆ(t) and pˆ(t) in the Heisenberg
picture, and the wave function of the invariant, the quantum trajectories are also expressed
only in terms of the classical solution of the oscillator. The solutions were verified in the
time-independent oscillator and a damped oscillator.
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The quantum trajectory we have found can be easily applied to other time-dependent
oscillators as far as the classical solutions are known. We expect that the oscillator’s trajec-
tory give a good description, as an example, of explicitly time-dependent system in the de
Broglie-Bohm quantum theory. Our formalism can also be applied to a Paul trap [10] or a
modified Paul trap [11] to study the quantum motion of a particle.
This work was supported by the Center for Theoretical Physics (S.N.U.) and the Basic
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